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In this work, we study N-leg Kondo ladders at half-lling through the density matrix renormal-
ization group. We found non-zero spin and harge gaps for any nite number of legs and Kondo
oupling J > 0. We also show evidene of the existene of a quantum ritial point in the two
dimensional Kondo lattie model, in agreement with previous works. Based on the binding energy
of two holes, we did not nd evidene of superondutivity in the 2D Kondo lattie model lose to
half-lling.
PACS numbers: 75.30.Mb, 71.10.Pm, 71.30.+h, 75.10.-b
Reently, a great deal of exitement has been gener-
ated with the disovery of several heavy fermion om-
pounds whih exhibit a quantum ritial point (QCP)
1,2
.
Several anomalous behaviors have been observed lose
to the QCP and one of the main problems of this area
is to try to understand this puzzle. The Kondo lattie
model (KLM) is the simplest model believed to desribe
heavy fermion materials
3
. This model inorporates the
interation between the loalized spins and the ondu-
tion eletrons via an exhange interation of strength J .
This interation is believed to be the most important
in heavy fermion ompounds at low temperatures. At
small values of J , due to the indiret Ruderman-Kittel-
Kasuya-Yosida (RKKY) interation, antiferromagneti
long-range order (LRO) is expeted, whereas for large
J a paramagneti state emerges. The ompetition be-
tween these two states leads to the QCP, as rst pointed
out by Doniah
4
. Many theoretial works have onen-
trated on the one-dimensional (1D) model, whih an be
treated more easily. In partiular, at half-lling, several
numerial alulations show that the 1D KLM is always
a gapped spin liquid with no magneti quasi-LRO
5,6,7
.
Away from half-lling, there is power law deay of spin
orrelations, for small values of J (see, however, Ref. 8).
On the other hand, for the two-dimensional (2D) KLM
athalf-lling, several studies support the existene of a
QCP
9,10,11
(see also Ref. 12).
In this work, we present the spin and harge gaps of the
N-leg Kondo ladders at half-lling alulated by the den-
sity matrix renormalization group (DMRG) tehnique
13
.
The N-leg Kondo ladders onsist of N Kondo hains of
length L oupled by the hopping term. The 2D system
is obtained by taking both N and L to innity. As far
as we know this is the rst study of the N -leg Kondo
ladders. We will also show evidene of the existene of
a QCP in the 2D Kondo model at half-lling in agree-
ment with previous studies. Moreover, our results for the
binding energy of two holes do not show any evidene for
an eetive hole-hole attration in the 2D KLM for any
Kondo oupling. All the results we will report here or-
respond to the ondution eletron density n = 1. It is
important to note that for this density, tehniques other
than the DMRG an be applied
9,10,11
. However, away
from half-lling, methods like Quantum Monte Carlo
11
are plagued by the sign problem. Therefore, our re-
sults at half-lling should serve as benhmarks studies
before get results at more general llings. DMRG re-
sults away from half-lling are in progress and will be
presented elsewhere
14
.
We onsidered the N-leg Kondo Hamiltonian at half-
lling with M = NxL sites
H = −
∑
<i,j>,σ
(c†i,σcj,σ +H. c.) + J
∑
j
Sj · sj
where cjσ annihilates a ondution eletron in site j
with spin projetion σ, Sj is a loalized spin
1
2 opera-
tor, sj =
1
2
∑
αβ c
†
j,ασαβcj,β is the ondution eletron
spin density operator and σαβ are Pauli matries. Here
< ij > denote near-neighbor sites, J > 0 is the Kondo
oupling onstant between the ondution eletrons and
the loal moments and the hopping amplitude was set to
unity to x the energy sale. We investigated the model
with the DMRG tehnique with open boundary ondi-
tions. We used the nite-size algorithm for sizes up to
N × L = 40, keeping up to m = 2000 states per blok.
The disarded weight was typially about 10−4−10−8 in
the nal sweep. Although the DMRG is based on a one-
dimensional algorithm, it has been applied to low dimen-
sional systems. The proedure onsists in mapping the
low-dimensional model on a 1D model with long range
interations
15,16
. Several important questions, suh as
the existene of striped phases and/or superondutivity
in the 2D t − J model, have been addressed with this
proedure
17
. Here, we used this same method to study
the N-leg Kondo ladders.
Our rst onern is to hek the appliability of the
tehnique to the N-leg Kondo ladders. We an get some
insight by looking at the ground state energies. We have
heked that, for small slightly doped lusters with up
to 12 sites, we an reprodue with the DMRG the same
energies obtained independently by exat diagonalization
(ED). As we inrease the system size the Hilbert spae
inreases exponentially and ED is no longer a suitable
method to treat the system. This is the main advantage
of the DMRG. In order to illustrate this advantage, we
will show that we an obtain the ground state energies
of the N-leg Kondo ladders in a ontrolled way
18
.
22x10 4x4
m J=0.0 J=2.0 J=0.0 J=0.3 J = 3.0
100 -27.56929 -39.15411 -21.85340 -22.12936 -41.11699
200 -27.62807 -39.15909 -21.88557 -22.19189 -41.25039
300 -27.63982 -39.15988 -21.88816 -22.25239 -41.28139
400 -27.64290 -39.16007 -21.88845 -22.29403 -41.29605
600 -27.64407 -39.16015 -21.88853 -22.33682 -41.31698
800 -22.36031 -41.32227
1200 -22.38726 -41.32606
∞ -27.6455 -39.1602 -21.8885 -22.4413 -41.3401
exat -27.64486 -21.88854
Table I: The ground state energies of the Kondo latie model
for the lusters 2x10 and 4x4 as a funtion of the number of
states m kept in the DMRG trunation for some Kondo ou-
plings. The energies at m = ∞ were obtained by an extrap-
olation, see text.
In table 1 we present the ground state energies as a
funtion of the trunation m for the 2-leg (4-leg) Kondo
ladders with length L = 10 (L = 4). The energies for
m = ∞ were obtained by an extrapolation assuming a
dependene of the type e(m) = e∞ + a/m + b/m
2
. As
we an see, for the J = 0 (free ase) with a small num-
ber m of states the relative error is smaller than ∼ 10−4.
This free ase result does not appear to depend on the
number of legs, as shown for the 2- and 4-leg ladders.
However, a small oupling J makes the wave funtion
muh more omplex and a larger number of states is
neessary to keep the same auray. Furthermore, in
this weak oupling regime, we need a muh larger num-
ber of states (and onsequently a longer omputational
time) to keep the algorithm stable as the number of legs
is inreased. An inrease in omputer eort, probably
exponential, suh as this has also been observed in other
systems
15,16
. This was the main reason why we restrited
our alulations to N ≤ 6 and large values of J . On the
other hand, in the strong oupling limit, a smaller num-
ber of states is neessary to keep the same auray. For
J ≫ 0 the ondution eletrons form unbreakable mobile
singlets with the loalized spins, eetively behaving like
free spinless fermions.
Having set these benhmarks, we are now able to al-
ulate the spin and harge gaps of the N-leg Kondo lad-
ders with M = NxL sites at half-lling. These are
dened as ∆s(L) = e(M, 1) − e(M, 0) and ∆c(L) =
e(M − 2, 0) − e(0, 0), respetively, where e(Nc, s) is the
ground state energy of the system with Nc ondution
eletrons in the subspae of total spin s7,19. In Fig. 1(a)
we present the spin and harge gaps for the 2-leg Kondo
ladder with length L = 10 (open symbols) and L = 20
(losed symbols) as a funtion of the Kondo oupling J .
As we see, nite size eets are very small. In the strong-
oupling limit the spin and harge gaps inrease linearly
with J , and an be estimated by seond order perturba-
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Figure 1: (a) The spin and harge gaps for the 2-leg Kondo
ladder with L = 10 (open symbols) and L = 20 (losed sym-
bols). The irles (squares) orrespond to the spin (harge)
gap. Inset: zoom of the region with 0 < J < 2. (b) Same as
(a), but for the 3-leg Kondo ladder with L = 8 (open symbols)
and L = 14 (losed symbols).
tion theory with respet to t/J7. At this order, the spin
and harge gaps of the N -leg Kondo ladders are given,
respetively, by ∆
(2)
s = J − 20γ
N t2
3J and ∆
(2)
c = 3J/2 −
2γN t+γN(4γ
N
3 −1) t
2
J
, where γN = 1−cos(πN/(N+1)).
We used the innite-size algorithm
13
to determine the
spin and harge gaps of the 2-leg Kondo ladders in the
strong oupling limit
20
. Our numerial alulations are
in very good agreement with these results. For example,
for J = 40 we obtained ∆s = 39.752 and ∆c = 57.057,
very lose to the perturbative results ∆
(2)
s = 39.750 and
∆
(2)
c = 57.037. On the other hand, for small values of J
the spin gap has a dierent dependene on the oupling
onstant.
The results we have found for the 2-leg Kondo ladder
are very similar to those of the 1D KLM
7
. In this ase,
for large J the spin gap goes linearly with J , while for
small J it deays exponentially as ∆s ∼ exp(−1/αnJ),
where α ∼ 1.419. This kind of behavior does not seem
to depend on the number of legs. The spin and harge
3gaps of the 3-leg Kondo ladder show similar behavior, as
shown in Fig. 1(b). Based on the spin and harge gap
behaviors of the 1-, 2- and 3-leg Kondo ladders, we expet
non-zero spin and harge gaps for the half-lled N -leg
Kondo ladders. It is interesting to note that the spin gap
has similar behavior whether the number of legs is even
or odd. The same does not happen in N -leg Heisenberg
ladders, where the spin gap is zero for oddN and dierent
from zero for even N21 (for a review see Ref. 22). This
dierene arises from the fat that the Kondo Ladders
are oupled just with the hopping term, dierently from
the Heisenberg Ladders. So, the same analysis that is
done in the N-leg Heisenberg ladders (see Ref. 22), does
not apply in the N-leg Kondo ladders. Moreover, we
might naively expet that the inlusion of the Coulomb
interation U in the N-leg Kondo ladders would lead to
a spin gap with a distint dependene on the number of
legs (at least for U ≫ 0 ), as in the Heisenberg ladders.
However, most probably, even the presene of U will not
lead to this distint behavior. Note that the 1D Kondo-
Hubbard model at half-lling has a non-zero spin gap
19
,
dierently from the 1D Heisenberg model.
We would still like to determine whether the spin
gap remains nite or not when N goes to innity (af-
ter L→∞). Approximate approahes9,10 and Quantum
Monte Carlo results
11
support the existene of a QCP at
Jc/t ∼ 1.45 ± 0.05. Below this value antiferromagneti
LRO appears with a zero spin gap. It is a very tough
task to determine the presene of LRO diretly by the
value of the spin gap, sine for small values of J the gap
is very small, and as we inrease the number of legs we
lose auray in the energies.
Instead of looking at the spin gap to hek for LRO, we
an alulate the Fourier transform of the spin-spin or-
relation funtion S (~q) = 1
M
∑
~r1,~r2
e~q·(~r1−~r2) 〈S~r1 · S~r2〉.
In Fig. 2(a), we show the spin struture fator S (~q) for
the 2-leg Kondo ladder as a funtion of momentum qx
for J = 0.5. The peak at ~q = (π, π) is a signature
of some kind of antiferromagneti order, not neessarily
long-ranged. For small values of J we expet this peak to
inrease as we derease J , sine the RKKY interation
starts to dominate over Kondo ompensation. Indeed,
this is what we have seen. In Fig. 2(b), we present the
spin struture fator S (~q = (π, π)), for the lusters 2x10
(squares) and 3x8 (irles), as a funtion of the Kondo
oupling J . Note the divergene as J → 0. This kind
of behavior was also observed in the magneti susepti-
bility of the one-dimensional KLM
5
. Antiferromagneti
LRO exists if limM→∞ S (~q = (π, π)) /M is non-zero. In
Fig. 2(), we present S (~q = (π, π)) /M as a funtion of√
M for several values of the Kondo oupling. As an be
seen, even working with small lusters, our results sug-
gest that for J > 1.6 S (~q = (π, π)) /M tends to zero as
we inreaseM , while for J < 1.3 it tends to a nite value.
This result is ompatible with Jc = 1.45 as suggested by
other methods
9,10,11
.
Finally, we would like to hek for evidene of super-
ondutivity in the 2D KLM lose to the QCP. Several
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Figure 2: The spin struture fator S (~q) for the N-leg Kondo
ladders. (a) S (~q) vs momentum qx for the 2-leg Kondo lad-
der with length L = 10 and J = 0.5. (b) S (~q = (π, π)) vs
the Kondo oupling J for the lusters 2x10 (squares) and 3x8
(irles). () S (~q = (π, π)) /M vs 1/M for several Kondo ou-
plings. The sizes of the lusters used were M =2x2, 3x4, 4x4,
4x6, and 6x6.
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Figure 3: The binding energy ∆B for the 1-, 2- and 3-leg
Kondo ladders as a funtion of the Kondo oupling J .
heavy fermions ompounds, like CeIn3 and CePd2Si2, an
be tuned to an antiferromagneti QCP by appliation of
external pressure
23
. Superondutivity was observed at
low temperatures lose to the QCP of these materials.
Our aim will not be to nd proof of superondutivity at
nite hole doping lose to a quantum ritial point in the
2D KLM, whih would entail the alulation of the pair
orrelation funtion. Instead, we an gain some insight
by looking at the binding energy of two doped holes, de-
ned as ∆B = E(2) + E(0) − 2E(1), where E(n) is the
4ground state energy with n holes. If the holes are bound
∆B < 0, and this is indiative that attrative eetive
fores are present
24
. This is a neessary, though not suf-
ient, ondition for a possible ondensation of the holes.
In Fig. 3, we present the hole binding energy for the 1-, 2-
and 3-leg Kondo ladders. In the thermodynami limit the
binding energies vanish if holes do not form bound states
and is asymptotially positive
24
. As we see from this g-
ure, this is exatly what we have observed. Inreasing the
luster from 2x10 to 2x20 the binding energies derease.
As we see, the holes do not bind for any Kondo oupling.
Similar results were also observed in the Kondo hain
5
.
These results suggest that, at least lose to half-lling, su-
perondutivity will not emerge in the 2D Kondo lattie
model. The fat that we have not found bind holes also
suggest the the KLM may not be the minimum model to
desribe orretly the Heavy Fermion ompounds.
In summary, we presented, for the rst time, a system-
ati study of the 2- and 3-leg Kondo ladders at half-lling
by using the DMRG. Based on the behavior of the spin
gap of the 1- to 3-leg Kondo ladders, we expet non-zero
harge and spin gaps in the N-leg Kondo ladders for any
J > 0. Using small lusters we were able to determine
the presene of a QCP, in agreement with previous works.
Our results also suggest that there is no superondutiv-
ity lose to half-lling in the 2D Kondo lattie model.
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